Harvey Mudd College C1 aremont , Cal i f o r n i a This paper describes t h e d e t a i 1 s o f implement a t i o n o f a general numerical procedure developed f o r t h e accurate and economical computation o f n a t u r a l frequencies and associated modes o f any e l a s t i c s t r u c t u r e r o t a t i n g along an a r b i t r a r y a x i s .
A block version o f t h e Lanczos a l g o r i t h m i s d e r i v e d f o r the s o l u t i o n t h a t f u l l y e x p l o i t s assoc i a t e d m a t r i x s p a r s i t y and employs
o n l y r e a l numbers i n a l l r e l e v a n t computations.
It i s also capable o f determining m u l t i p l e r o o t s and proves t o be most e f f i c i e n t when compared t o other, simil a r , e x i s t i n g techniques.
I n t roduct i on tiyroscopic s t r u c t u r a l systems are o f t e n encountered i n p r a c t i c e . Thus, some s t r u c t u r e s such as s a t e l l i t e s are u s u a l l y s p i n -s t a b i l i z e d whereas o t h e r s , l i k e h e l i c o p t e r s and turbines, have r o t a t i n y parts. An accurate e v a l u a t i o n o f t h e i r frequencies and mode shapes i s o f utmost importance i n p r e d i c t i n g t h e i r s t a b i l i t y and a l s o i n implementiny e f f e c t i v e closed-loop c o n t r o l o f t h e yyroscopic systems.
The usual s o l u t i o n proce s s s t a r t s w i t h a f i n i t e -e l e m e n t d i s c r e t i z a t i o n o t the s t r u c t u r e y i e l d i n g a p p r o p r i a t e s t i f f n e s s and i n e r t i a p r o p e r t i e s , which i n t u r n are u t il i z e d t o y i e l d t h e n a t u r a l frequencies and assoc i a t e d modes. Such data are next u t i l i z e d t o compute unsteady aerodynamic forces enabling comp u t a t i o n of f l u t t e r and divergence charact e r i s t i c s .
An extension o f t h e a n a l y s i s y i e l d s t h e state-space matrices enabling open-and closed-loop c o n t r o l a n a l y s i s o f the s t r u c t u r e . The accuracy o f such an a n a l y s i s i s , however, e n t i r e l y dependent on appropriate computation o f v i b r a t i o n a l c h a r a c t e r i s t i c s o f t h e system. The equation o f f r e e v i b r a t i o n o f any s t r u ct u r e d i s c r e t i z e d by the f i n i t e -e l e m e n t method and s p i n n i n g along an a r b i t r a r y a x i s w i t h a u n i f o r m s p i n r a t e R i s given by i n which ( A + wB)y = 0 (3 i n which t h e n a t u r a l frequencies w are pure imagi n a r y , t h e v e c t o r s being complex and both occurr i n g as complex conjugate p a i r s .
The conventional s o l u t i o n process f o r Eq. ( 3 )
i n v o l v e s i m p l i c i t i n v e r s i o n o f A t o reduce t h e eigenvalue problem i n terms o f a s i n g l e m a t r i x o f order t w i c e t h e o r i g i n a l size, which however i s r a t h e r i n e f f i c i e n t due t o i t s nonsparse chara c t e r and increased order.
A combined Sturm sequence and i n v e r s e i t e r at i o n ( S S / I I ) procedure was presented e a r l i e r 1 f o r t h e eigenproblem s o l u t i o n o f gyroscopic systems t h a t e x p l o i t s i n h e r e n t s p a r s i t y o f c o n s t i t u e n t m a t r i c e s o f Eq. (2). Reference 2 provides a survey o f s o l u t i o n methods f o r f r e e -v i b r a t i o n analys i s o f s t r u c t u r e s i n c l u d i n g s p i n n i n g ones. An improved version o f the SS/II technique has f u r t h e r been presented i n a recent paper3 t h a t a l s o g i v e s d e t a i 1 s o f numerical techniques f o r computation o f i n -and out-of-plane forces i n a s h e l l and a l s o l i n e elements spinning along an a r b i t r a r y axis. The Lanczos method has been applied e a r l i e r 4 * 5 f o r t h e eigenproblem s o l u t i o n o f r e a l symmetric m a t r ices. Reference 4 a l s o presents t h e r e l a t i v e m e r i t o f t h e block Lanczos algorithm over t h e convent i o n a l nonblock procedure. nonblock version o f the Lanczos a l g o r i t h m was presented t h a t i s s u i t a b l e f o r the economical s o l u t i o n o f t h e e i genprobl em o f gyroscopic systems.
I n a recent paper,6 a
The purpose o f t h i s paper i s t o p r o v i d e d e t a i l s o f a r e l a t e d block Lanczos a l g o r i t h m and i t s implementation i n a general-purpose f i n i t e -e l e m e n t computer program, STARS7 (STructural A n a l y s i s Routines). Numerical r e s u l t s a r e a l s o presented t h a t prove the e f f i c a c y o f t h e c u r r e n t s o l u t i o n technique.
Implementation o f a Block Lanczos
Solution Procedure
To implement t h e current procedure, Eq. ( 3 ) i s f i r s t r e w r i t t e n as ( A -AD)y = 0 ( 4 ) i n which 0 = i * B i s a pure imaginary Hermitian m a t r i x , i* i s the imaginary number a, t h e r o o t s A = i * w are r e a l and occur i n p a i r s A i , -A i , ..., An, -A n whereas t h e corresponding eigenvectors occur i n complex conjugate p a i r s . The r o o t s o f t h e o r i y i n a l system defined by Eq. ( 3 ) may then be simply obtained as w = X / i * w h i l e n o t i n g t h a t t h e eigenvectors remain t h e same f o r both cases.
To develop t h e present algorithm, i t i s necessary t o y i e l d a s i n y l e m a t r i x out of t h e set o f two m a t r i c e s t h a t define Eq. (4). This i s achieved by performing a Choleski decomposition T A = LALA ( 5 ) i n which and LM, LK are the lower t r i a n g u l a r forms o f matr i c e s H and K , r e s p e c t i v e l y . A p p r o p r i a t e t r a n sforriidtion o f Eq. ( 4 ) It may be noted t h a t H i s a pure imaginary H e r m i t i a n m a t r i x and t h e c u r r e n t t r a n s f o r m a t i o n r e t a i n s t h e banded form o f associate matrices. I n a l l subsequent computations, n d e f i n e s t h e o r d e r o f H, whereas m i l denotes t h e half-bandwidth o f c o n s t i t u e n t H, K, and C matrices. 
Numerical Scheme L e t 61 be an a r b i t r a r y , r e a l n x m m a t r i x w i t h orthonormal columns. Then f o r i = 1, 2, ..., t h e computational procedure i s developed by t h e f o l l o w i n g steps.
Step
Perform m a t r i x o p e r a t i o n ( f o r i = 1) i n which t h e m a t r i x s u b s t i t u t i o n s are
i, n x n r e a l skewsymmet r i c mat r i x A 6. 1 = 6 . i J m G i , n x m r e a l m a t r i x w i t h orthonormal columns; t h a t i s ,
, m x m r e a l upper t r i a n g u l a r m a t r i x
Step 2 
X i = W i -G i E i t h e s u b s t i t u t i o n being
A X . = j * X . J i m X i , n x m r e a l m a t r i x
Step 4. Use a standard procedure such as the Givens. Householder, o r G r a y Schmidt-method t? o b t a i n the "UR" f a c t o r s o f X i namely G i + l and F i s a t i s f y i n g X i = G i + l F i and G i + l G i + l = I .
. . -T 1
Step 5 Since U i i s r e a l , a and 6 are m u t u a l l y conjugate so t h a t 6 = a.
Step 6.
Perform convergence t e a t s using vect o r s computed i n step 5 and m a t r i x F i obtained i n step 4.
I f t h e a n a l y s i s needs t o be continued, t h e n a s e l e c t i v e o r t h o g o n a l i z a t i o n of m a t r i x G i + l must be c a r r i e d o u t so t h a t i t s columns are o rthogonalized r e l a t i v e t o some o f t h e c u r r e n t R i t z ~e c t 0 t -s .~ expressing a R i t z v e c t o r a i n terms of t w o r e a l n vectors as A l l computations i n t h e above procedure are performed i n r e a l a r i t h m e t i c t h a t has been implemented i n t h e STARS7 program and proves t o be most e f f i c i e n t i n t h e s o l u t i o n o f v i b r a t i o n problems o f complex, gyroscopic systems.
Numerical Examples
The newly implemented b l o c k Lanczos procedure employiny r e a l numbers (BL/R) i s used t o solve an e x t e n s i v e number o f t e s t cases. Such r e s u l t s are compared w i t h s o l u t i o n s obtained from o t h e r e x i s t i n y s i m i l a r techniques such as t h e block Lanczos technique u s i n g complex a r i t h m e t i c (BL/C) and t h e SS/II methods. Because a l l such procedures have been implemented i n t h e STARS proyram, i t was used t o perform analyses o f a number o f t e s t cases presented here, employing a D i g i t a l Equipment Corp. VAX 11-750 computer. Spinning C a n t i l e v e r Beam t i z e d by 12 l i n e elements f o r t h e n a t u r a l f r equency analysis, has t h e f o l l o w i n g r e l e v a n t p r o p e r t i e s A s p i n n i n g c a n t i l e v e r beam (Fig. l) and r e s u l t s o f such analyses employing v a r i o u s procedures are given i n Table 1 .
Spinning Canti l e v e r Plate F i g u r e 2 d e p i c t s a r e c t a n g u l a r c a n t i l e v e r p l a t e spinning along an a r b i t r a r y a x i s w i t h a uniform spin r a t e n~. A 10 x 15 f i n i t e -e l e m e n t mesh employing t h i n -s h e l l elements i s used t o model t h e p l a t e t h a t has t h e f o l l o w i n g s t r u c t u r a l c h a r a c t e r i s t i c s X-side l e n g t h ( t x ) 10 Y-side l e n g t h ( t y ) 15
Thickness ( Results of such analyses by t h e t h r e e A comparison of r e s u l t s presented i n t h e two t a b l e s amply demonstrates the s i g n i f i c a n t advantages o f the present procedure.
Concluding Remarks
A block v e r s i o n of t h e Lanczos a l g o r i t h m has been presented t h a t e x p l o i t s m a t r i x s p a r s i t y and f u r t h e r performs a1 1 numerical computations i n r e a l numbers f o r t h e eigenproblem s o l u t i o n o f gyroscopic systems. While each s o l u t i o n step i n t h e block a l g o r i t h m i s c o s t l i e r than t h e conventional nonbl ock Lanczos method,6 fewer steps are needed. The o v e r a l l saviny i n s o l u t i o n time i s comparable t o t h a t e f f e c t e d by block m u l t i v e c t o r i n v e r s e i t e r a t i o n i n place o f the s i n g l e -v e c t o r i t e r a t i o n process. of e f f e c t i v e d e t e r m i n a t i o n o f m u l t i p l e r o o t s i n which t h e usual nonblock procedure i s d e f i~i e n t .~ Also, although some experience may be necessary i n choosing an optimum b l o c k size, a range between 2 and 4 has been found t o be e f f e c t i v e . From t h e r e s u l t s presented i n t h e two t a b l e s , i t i s apparent t h a t t h e c u r r e n t procedure i s conside r a b l y more e f f i c i e n t than o t h e r s i m i l a r e x i s t i n g s o l u t i o n techniques.
Furthermore, t h i s procedure i s capable Table 1 Results o f f r e e -v i b r a t i o n a n a l y s i s of c a n t i l e v e r beam s p i n n i n g a t r a t e o f 0. 
SS/II = combined Sturm sequence and
Central processing u n i t t i m e i s f o r r e a l numbers complex numbers i n v e r s e i t e r a t i o n procedure 10 modes and frequencies Table 2 Natural frequencies o f a s p i n n i n g c a n t i l e v e r p l a t e 
